First we have obtained equivalent conditions for a regular semigroup and is equivalent to N = N 1 It is observed that every regular semigroup is weakly separative and C ⊆ S and on a completely regular semigroup S ⊆ N and S is partial order . It is also obtained that a band (S, .) is normal iff C = N . It is also observed that on a completely regular semigroup (S, .), C = S = N iff (S, .) is locally inverse semigroup and the restriction of C to E(S) is the usual partial order on E(S). Finally it is obtained that, if (S, .) is a normal band of groups then C = S = N .
Introduction
On an arbitrary semigroup (S, .). Let us consider the following relations C, N, N 1 and S, defined for all a, b ∈ S :
(a, b) ∈ C ⇐⇒ asa = asb = bsa for all s ∈ S, (a, b) ∈ N ⇐⇒ a = axa = axb = bxa for some x ∈ S, (a, b) ∈ N 1 ⇐⇒ a = xa = xb = by for some x, y ∈ S, (a, b) ∈ S ⇐⇒ a 2 = ab = ba. Obviously, N ⊆ N 1, and easy calculations show that N 1 is a partial order on S (cf. [6] ).
The relation C was defined in [1] by Conrad, and it was proved in [2] by Burgess and Raphael (cf. Lemma 1) that C is a partial order on S iff (S, .) is weakly separative, i. e., for all a, b ∈ S asa = asb = bsa = bsbf oralls ∈ Simpliesa = b.
In [3] , Nambooripad defined N and showed that it is a partial order iff (S, .) is regular (cf. Lemma 2) . The relation S was introduced by Drazin in [4] , and he proved that, for any completely regular semigroup, S is a partial order on S, and C ⊆ S ⊆ N holds (cf. Lemma 3). Finally, for any regular semigroup (S, .), the natural partial order ≤ a ≤ b ⇐⇒ a = be = fbforsomee, f ∈ E(S) satisfies N ⊆≤ . It was shown in [5] that for any completely regular semigroup (S, .) the relations S and ≤ coincide iff S is a cryptogroup, i. e., Greens H-relation is a congruence on (S, .), and that C and S coincide iff S is a normal cryptogroup, i. e., S/H is a normal band. Lemma 1. The following statements are equivalent. a) (S, .) is weakly separative. b) C is a partial order. c) C is anti-symmetric.
Proof. Since C is reflexive, and b) ⇒ c) as well as c) ⇐⇒ a) are obvious, we have to prove that a) implies the transitivity of C. So assume (a, b), (b, c) ∈ C. Then (asa)t(asc) = asatbsc = asatbsb = asatasb = (asa)t(asa) = asbtasa = asbtbsa = asctbsa = (asc)t(asa) for all s, t ∈ S yields asa = ascbya). Similarly one gets asa = csa, hence (a, c) ∈ C. Lemma 2. (cf. [5] , Propositions 3 and 4) The following statements are equivalent.
Then there are e, f ∈ E(S) and y ∈ S such that a = be = fb and b = byb. Then a = fb = fbyb = ayb, Proof. a) Consider a, b ∈ S such that asa = asb = bsa = bsb for all s∈ S.T henf orx, y ∈ Ssuchthata = axa, b = bybonehasa = axa = bxb = (byb)x(byb) = byaxayb = byayb = b.b)F or(a, b) ∈ C, there is some x ∈ S such that a = axa. This implies a 2 = axaa = axab = ab and a 2 = aaxa = baxa = ba, hence (a, b) ∈ S. c) For (a, b) ∈ S one has a2 = ab = ba. Since (S, .) is completely regular, there is x ∈ S such that a = axa and ax = xa. Then a = axa = aax = bax = bxa and a = axa
Recall from [8] , p. 222, that a regular semigroup (S, .) in which the set of idempotents E(S) is a subsemigroup is called orthodox, and if E(S) is a normal band then (S, .) is called a generalized inverse semigroup. Moreover, the class of generalized inverse semigroups is the intersection of the class of all orthodox semigroups and the class of all locally inverse semigroups. For the latter we have the following characterization (due to Lemma 2 and [9] , IX. Proposition 3.2): In [10] , the following lemma was proved.
Lemma 5 : Let (S, .) be a locally inverse semigroup and ≤ a partial order on S with the following properties: (i) ≤ is compatible with the multiplication; (ii) the restriction of ≤ on E(S) coincides with the usual partial order on E(S); (iii) for a ≤ b and any inverse b 0 of b there is a unique inverse a 0 of a such that a 0 ≤ b 0 . Then ≤ 0 coincides with N .
Proof : First we observe the following ( [10] , Lemma 1) Let ≤ 0 be a partial order on a regular semigroup which is compatible with multiplication and whose restriction to E(S) is the usual partial order on E(S). Further, if it satisfies the property ab and b 0 is an inverse of b then a unique inverse a 0 exists such that a 0 b 0 . Then a ∈ S and a ≤ e ∈ E(S) imply that a is an idempotent → (1). Let ≤ 0 be a partial order on a regular semigroup S which is compatible with multiplication and whose restriction to E(S) is the usual partial order on E(S), then Nambooripads partial order N ⊆≤, as let aN b so that or any inverse b 0 of b, we have ab 0 Nbb 0 , then bb 0 ∈ E(S). Further ab 0 ∈ E(S) [3] and hence ab 0 Nbb 0 andab 0 bN bb 0 b = b. since aN b, a = eb for some idempotent e ∈ Ra and hence ebb 0 b ≤ 0 b, so that a = eb ≤ 0 b and hence N ⊆≤ 0 → (2). Now , let a ≤ 0 b so that ab 0 ≤ bb 0 where b 0 is an inverse of b.
Since bb 0 ∈ E(S) we have ab 0 ∈ E(S) by using ( and (S, .) is called quasi separative if
Note that every left or right cancellative semigroup is separative, and that every separative semigroup is quasi separative. Moreover, every completely regular semigroup is quasi separative, as was shown in the proof of Lemma 3 c).
Proposition 9. For any quasi separative semigroup (S, .) the following statements hold. a) C ⊆ S.b)If(ab)2= a2b2foralla, b ∈ S, then S is a partial order on S. Proof. a) For (a, b) ∈ C one has asa = asb = bsa for all s ∈ S. Putting s = a, one gets a3 = a2b = ba2, from which a4 = a2(ba) = ba3 = (ba)a2 follows. Putting s = ab yields a2(ba) = a2b2 = (ba)2, hence a4 = a2(ba) = (ba)a2 = (ba)2. Since (S, .) is quasi separative, this implies a2 = ba. Putting s = ba yields (ab)a2 = (ab)2 = b2a2, hence a4 = (ab)a2 = a2(ab) = (ab)2. Again by separativity, one gets a2 = ab.
This shows C ⊆ S. b) Clearly, S is always reflexive, and it is antisymmetric if and only if (S, . ) is quasi separative. To show transitivity, take some (a, b), (b, c) ∈ S. Then a2 = ab = ba and b2 = bc = cb imply a4 = (ab)2 = a2b2 = a2bc = a3c = a2(ac) as well as a4 = ab2a = acba = (ac)a2 and (ac)2 = a2c2 = abc2 = ab2c = a2bc = a2b2 = a4.
From a4 = (ac)a2 = a2(ac) = (ac)2 follows a2 = ac, since (S, .) is quasi separative. Similarly, one gets a2 = ca and therefore (a, c) ∈ S.
Proposition 10. For a completely regular semigroup (S, .) the following conditions are equivalent: a) C = S = N ; b) (S, .) is locally inverse and the restriction of C to E(S) is the usual partial order on E(S). With respect to Lemma 3 we have to show N ⊆ C. So assume (a, b) ∈ N . Hence there are e, f ∈ E(S) such that a = be = fb. For s ∈ S and x = asa = besbe, y = asb = besb and z = bsa = bsbe we have to show x = y = z. Note that in any regular semigroup xx 0 = yy 0 , y 0 x = y 0 y for inverses x 0 , y 0 of x and y, respectively imply x = y, since x = xx 0 x = y y 0 x = yy 0 y = y. Since S is the union of groups, we may assume that a ∈ Hg, b ∈ Hh and s ∈ Hk.
Now consider xx 0 = (besbe)(besbe) 0 = besbeeb 0 s 0 eb 0 (since S is orthodox) = besbeb 0 s 0 eb 0 ∈ Hhekhehkeh = Hhekheh(normality) = Hhkeh.yy 0 = (besb)(besb) 0 = besbb 0 s 0 eb 0 ∈ Hhekhkeh(normality) = Hhkeh.
Since xx 0 , yy 0 are idempotents and xx 0 , yy 0 ∈ Hhkeh, Hence xx 0 = yy 0 . Consider y 0 x = (besb) 0 besbe = b 0 s 0 e(b 0 b)esbe = b 0 s 0 b 0 besbe ∈ Hhkehehkh = Hhkehkehh (normality) = Hhkeh. Similarly y 0 y ∈ Hhkeh. Since y 0 x, y 0 y are idempotents and y 0 x, y 0 y ∈ Hhkeh. Hence, y 0 x = y 0 y. Since xx 0 = yy 0 and y 0 x = y 0 y imply that x = y. Hence, asa = asb, for all s ∈ S. Similarly asb = bsa, for all s ∈ S. Hence, (a, b) ∈ C so that C = N .
